Incipient fault for a gearbox diagnosis is difficult because the signals with low signal-to-noise ratio (SNR) are corrupted with background noise. A method based on chaos theory and sampling integral technology will be presented to detect the incipient fault of gearbox according to the characters of the gearbox vibration signals. Sampling integral technology was used to improve the tracking ability of fault signals with lower SNR. The small changes in the sidebands of meshing frequency can be detected by the transformation of chaotic phase diagram and its Hu moment invariants, and on this basis the incipient faults can be diagnosed. The results based on gearboxes experiment justify the effectiveness of the method.
Introduction
Gearboxes are the transmission components of many machines, and the gearbox abnormities have significant effects on the operation of machines. As the failures of gears take sixty percent of failures on gearboxes failures [1] , gear fault detection is our central issue of the gearbox condition monitoring and fault diagnoses. The tooth limitation of gear such as gear crack is the incipient gearbox fault. Meanwhile, various fault detection methods of gearbox were discussed. Lebold et al. [2] reviewed feature extraction methods for gearbox diagnosis and prognosis. Samuel and Pines [3] separated the vibration signal of planet and sun gears using time domain averaging. Halim et al. [4] combined time synchronous average and wavelet transformation together to extract periodic waveforms at different scales from noisy vibration signals to clean up noise and detect both local and distributed faults simultaneously. Feng et al. [5] proposed a regularization dimension technique to make vibration signals increase monotonically with respect to gear fault levels. Zhang et al. [6] used narrow band interference cancellation to enhance the gearbox fault diagnosis and extract effective degradation indicator which is not sensitive to the nonstationary condition. In addition, many other techniques have been used in fault diagnosis of gearboxes, such as support vector machine (SVM) [7] , wavelet packet transformation (WPT) [8] , artificial neural network (ANN) [9] , and hidden Markov model (HMM) [10] .
One of the important problems to be solved for incipient fault diagnosis using vibration signal processing is weak signal detection. Originally, weak signal detection technology is widely used in radar, communication, sonar, earthquake, and industrial measurement. Its task is to evolve new weak signal detecting theory, explore new signal detecting methods, and develop new detecting equipment. The progress symbol of weak signal detecting technique is the improvement of the detecting sensibility and the signal-to-noise ratio. Weak signal has always been processed as stochastic signal in traditional detection methods. With the deeper research and high speed of the chaotic theory development, the applications of chaotic theory to signal detection have attracted more and more investments and some results have been obtained. Recently, it is a hotspot in the chaotic engineering that apply chaotic characteristics to detect the useful signal from noise. The researching progenies in this aspect include the weak signal detecting method by using chaotic sensitivity of the initial condition, the weak signal detecting method by using chaos synchronization system, the detecting method for signals in the chaos or noise background, the weak signal extracting method by using stochastic resonance phenomenon, and the chaos and neural network-based weak signal detecting method [11] . In this paper, we use the sensitivity to initial value of Duffing oscillator and its intermittent chaos motion to extract weak signals from the background of strong noise.
In this paper, the method based on chaos oscillator and sampling integral will be developed to diagnose the incipient faults of gearbox. The method takes advantage of weak periodic signal sensitivity and noise immune characters of Duffing chaos oscillator. If we can detect that the weak signals exist, the mutation of Duffing chaos oscillator phase will emerge. In order to conquer the subjective mistakes which occurred on phase transformation, the first feature of Hu moment invariants should be introduced to quantum judgment. At the same time, the pretreatment based on sampling integral technology to time domain signal can improve the detection boundary of chaos oscillator. The result of gearbox experiment shows that the technology of gearbox incipient fault diagnosis is efficient.
The Chaos Oscillator Detection Principle on Incipient Gear Fault

Chaos Oscillator Weak Signal Detection. Consider Holmes Duffing oscillator
where is a damping ratio; − + 3 is nonlinear recovering force; 0 is the amplitude of the inside periodic driving signal; 0 is the angular frequency; is the output value of Duffing oscillator. When the parameters such as and 0 are constant, the phase portrait of Duffing oscillator will change as 0 changes in the process from homoclinic orbit to forking orbit, chaos orbit, and large-scale periodic orbit, as shown in Figure 1 . Equation (1) is to be solved by discretizing the equation and using the fourth-order Runge-Kutta algorithm. The threshold of the Duffing oscillator is determined using the Melnikov method in combination with tests [12] . When = 0.5, 0 = 1, and ℎ = 0.01 s, ≈ 0.815. To facilitate the observation of the change of the phase trajectories of the oscillator, we take the initial value 0 = −1, 0 = −0.5, and the computing time equal to 500 s.
In some cases, tiny disturbance with periodic driving signal can make the system change dramatically from chaos state to large-scale periodic state, and then the phase trajectory conversion can be used to detect the presence of periodic signal [13, 14] . It can be seen that the phases change from chaos state in Figure 2 (a) to intermittent chaos state in Figure 2 (c) and then to large-scale state in Figure 2 (e) when the parameters are selected as = 0.5 and 0 = 1. At the same time, it can also be seen that the transformation curve with and change from chaos state in Figure 2 
Forward Detecting Method.
When the weak periodic signal to be detected is considered, (1) can be changed as follows:
where 1 cos( 1 + ) is signal to be detected, ( ) is noise signal, 1 is angular frequency, and is the phase angle. If 1 is the signal frequency to be detected, the inside driving signal frequency 0 can be selected to be equal to the signal frequency to be detected 1 , as shown in (2) . Adopting 0 is a bit smaller than the valve value which makes the Duffing system be on the intermittent chaos state. It is assured that the oscillator is on the chaotic motion state as shown in Figure 3 (a). The transformation curve with and is obscure as shown in Figure 3 (b). When there is any small disturbing signal, the system is in the intermittent chaos state. As shown in Figures 3(c) and 3(e), Duffing system transforms from chaos state to large-scale state with white noise when the parameters are selected as = 0.5, 0 = 1 = 1, and ( ) = rand (size( )).
Backward Detecting Method.
As we know that the incipient crack fault of gear tooth can be judged by the change of sidebands of the gear meshing frequency. The meshing frequency signal detection can be easily realized by abovementioned method based on Duffing chaos oscillator. However, when the forward detecting method is used to detect the occurrence of sidebands, the meshing frequency components will exert strong interference on detecting oscillator. Consequently, the forward detecting method might be infeasible in this circumstance. And then the problem was solved by the method of chaos phase inverse transformation presented by Li and Qu [15] . In this method, when 0 is a bit larger than and 0 equals domain frequency, the phase will be in the large-scale periodic state. The length and width of sidebands of the gear meshing frequency will increase with the length of crack of the fault gear tooth. Moreover, the amplitude of the sidebands will increase gradually along with the extension of cracks to such a degree that the tooth is broken finally. In this situation, if the amplitudes 1 of sidebands 1 increase gradually, the value of 0 will be larger than , and this will change the phase back to chaos state again as shown in Figure 3. 
Quantitative Description of Duffing Oscillator
In above section, we have qualitatively described the Duffing oscillator state by observing the trajectory. For instance, when observing Figures 2(c) and 2(e), it is hard for us to distinguish the two figures. Hence we need to quantitatively analyse the Duffing oscillator state with the help of Hu moment invariants [16] to remove errors caused by ocular judgement. Two-dimensional ( + )th order moment is defined as follows:
If the image function ( , ) is a piecewise continuous bounded function, the moments of all orders exist and the moment sequence { } is uniquely determined by ( , ); and correspondingly, ( , ) is also uniquely determined by the moment sequence { }. One should note that the moments in (3) may not be invariant when ( , ) changes by translating, rotating, or scaling. The invariant features can be achieved using central moments, which are defined as follows: 
The pixel point ( , ) is the centroid of the image ( , ). The centroid moments computed using the centroid of the image ( , ) are equivalent to the whose center has been shifted to centroid of the image. Therefore, the central moments are invariant to image translations.
Scale invariance can be obtained by normalization. The normalized central moments are defined as follows:
Based on normalized central moments, Hu [16] introduced seven moment invariants. The seven moment invariants are useful properties of being unchanged under image scaling, translation, and rotation. The value of moment invariant Φ 1 shows the extent of figure diffusion. Consider is not changed considerably when increases slightly, for example, when = 0.82, = 0.2011 and = 0.83, = 0.1986. This implies that the Duffing oscillator conversion can hardly be detected if the noise is strong enough. So the denoising method is necessary to be introduced to detect the weak signal.
Vibration Signal Denoising Using Sampling Integral
Nonlinear chaos oscillator such as Duffing system has the great advantage on weak signal detection, and it can detect the weak signal with noise (SNR = −45 db). But the method is not immune to any degree of impact on noise. In fact, if the original signal corrupted by noise has been pretreated by traditional denoising method, the effect of diagnosis will be better before the signal is to be detected by the method of Duffing system [17] .
The technology of sampling integral takes good effect on regaining periodic or approximate periodic signal. In the method, the circle of each signal is divided into a number of equal intervals, and the length of time interval depends on requested accuracy of recovering signal. Then we can take sample of the above mentioned time intervals, and the samples with the same phase on the circles are disposed with integral method. It is obvious that the effect of signal recovering will meliorate and the time expending on integral will elongate when the number of integral times increases. Consequently, the effect on recovering signal is at the cost of the time expending on integral. The technology is widely used on many equipment such as TDEM (time domain electromagnetic method) developed by Geonics Ltd. [18] . The sampling integral technology is based on the reduplicate character of periodic signal. As we know that the distortion on the period of periodic signal affected by the noise is different from each other because of the randomicity character of noise. Then we can choose one period of the noised signal, and duplicate and overlie it on the next period of the noised signal. Consequently, the periodic signal can accumulate effectively while the noise cannot work because of the irrelevance character of noise. In this method fault signal corrupted with noise was taken as sample with the same interval for the purpose of signal initial phase in accordance with different sampling time. Sampling frequency is the same as sampling point; SNR can be improved by averaging the signal computed by above method. The method is called sampling integral. Sampling integral technology plays an important part in reconstruction of the periodic or approximately periodic signal corrupted with noise. The principle diagram of sampling integral is shown in Figure 6 . The tested signal ( ) = ( ) + ( ) is magnified and transmitted to the sample switch. ( ) is the signal with the same frequency of signal ( ). The impulse signal is formed by triggering circuit according to the wave shape of referenced signal ( ), and it is postponed to form a new impulse signal with some width. The tested signal ( ) is taken as sample by the control of the sample switch which is up to the new impulse signal with some width. The integral period takes effect on the time of taking sample. In fact in the discrete system the integral period is chosen in accordance with the rotating gear period, and the sampling period can be calculated by the selected sampling periodic point in time series. Consider
where gearcrack is the crack gear rotating circle and sampling is sampling period of data collection system. Suppose that signal which needs to be detected is ( ), noise signal is ( ), sampling period is , the signal with order summation average, and the output is
Considering white noise is big enough, the output can be The Simulink model of Duffing system with sampling integral is shown in Figure 7 .
The SNR improves √ times with order summation average. The signal (frequency 1 Hz, amplitude 1 = 0.05) is shown in Figure 8 Because noise is excessively big the phase is on chaos state. The abovementioned signal was detected again with fifth and tenth sampling integral. Figure 9 shows the movement of both the phase portrait of Duffing system with input detected signal and the first feature of moment invariants. Figure 9 
Gearbox Vibration Signal Analysis
Signal Detection.
In the process of gear asymmetry crack form and development, gear meshing frequency is modulated by rotating and other equipment frequency. The crack development may cause increase of amplitude of sidebands in the diagram of the frequency and spectrum. The development state of gear crack can be detected by monitoring changes of sidebands. The change of sideband signal will cause the change of total drive force in chaos oscillator. In (2), inside signal 0 is set by meshing frequency. The total drive force is
where
When Δ is very small, ( ) will change between 0 − 1 and 0 + 1 . If 0 is bigger than the critical value , the phase will change from large-scale periodic to chaos state in turns. Therefore, inverse detection of changes of meshing frequency sidebands may enable the diagnosis of the gear crack.
After sampling integral pretreatment to gear crack fault feature signal, signal noise is controlled and enables inverse detection of chaos oscillator. The process of gear fault diagnosis using inverse chaos detection is drawing shown in Figure 10 .
Experiment Analysis.
A mechanical test bed in the RCM laboratory of Mechanical Engineering College is used in this research to validate the effectiveness of the proposed method in this paper. The gearbox is driven by a 4 KW threephase asynchronous drive motor. In addition, the speed and torque sensors are used to acquire the speed and torque information; a magnetic powder brake is utilized to provide load. These components are connected by couplings, as shown in Figure 11 .
The crack fault is implemented on one teeth of gear #4. Four crack levels are introduced and the length of each level is 1 mm, 2 mm, 5 mm, and 8 mm, respectively. Figure 12 shows the structure of the gearbox used in this experiment. Gear #4 is the test gear and its tooth number is 81. The tooth numbers of other three gears are 35(#1), 64(#2), and 18(#3), respectively. Four accelerometers are mounted on the gearbox casing and the specific location of every accelerometer is also shown in Figure 11 . Figure 13 is the photo of the fault gear used in this study.
The sampling frequency of this experimental system is 20 kHz and sampling time is 6 s. Each fault mode has 60 samples. The input rotary speed of motor is 800 rpm and the loads generated by brake are 10 N⋅m, 15 N⋅m, and 20 N⋅m. The diagrams in Figure 14 show the effect of sampling integral denoising method. Figure 14(a) shows the frequency and spectrum diagram for 1 mm gear crack without denoising process, while Figure 14 each state with its vibration signal disposed by fifth sampling integral and filter.
From Figures 15(b) , 15(c), and 15(d) it can be seen that the gear state cannot be identified easily. In addition, from Figure 15 (e) the diagram between the frequency and spectrum meshing frequency and sidebands change dramatically. The meshing frequency sidebands are detected by inverse chaos oscillator, respectively. Firstly the time domain signal was denoised by sampling integral in order to improve the detection boundary, as shown in Figure 15 . Duffing chaos oscillator inside driving force can be obtained by the method of Melnikov, which is critical value when sampling time series data have large-scale periodic changes in the normal state.
In the experiment, the initial driving force 0 is set to 0.82 which is obtained by numerical test, and the angular frequency is set to 131.25 Hz. When the signal in normal state is added to the Duffing system with the abovementioned parameters, the phase will be in the large-scale periodic state as shown in Figure 16 (a). When gear is in normal, the amplitude of gear meshing frequency is obviously higher than the amplitude of sidebands. Then the driving force ( ) in (12) is larger than the critical value ; Duffing oscillator phase is in large-scale periodic state. But when the signal in gear crack is added to the Duffing system with the abovementioned parameters, the phase will change from preliminary largescale periodic state degenerate to chaos state as shown in the total driving force ( ) fluctuates around critical value . At the same time, a large number of periodic vibrations signals around the gear meshing frequency grow with the length of gear crack increasing. Then the periodic fault signal plays an important part in Duffing oscillator. The phase shown in Figure 16 (e) changes from periodic state to chaos state in turns. Most of the time the phase trajectory is on the large-scale periodic state, while at long intervals it is on chaos state. Figure 16(f) shows the relationship between the first feature of Hu moment invariants and the length of gear crack.
In order to justify the effectiveness of the above method, the dimensionless characteristic is introduced for comparison. Considering the finite length of time series 0 , 1 , 2 , . . . , −1 the kurtosis of the dimensionless analysis index is defined as follows:
2 . The kurtosis and the length of gear crack were shown in Figure 17 . It can be seen that gear faults cannot be identified on the basis of kurtosis analysis.
Concluding Remarks
Incipient faults diagnosis is difficult as the signals with low SNR are corrupted with background noise. On the basis of chaos theory and sampling integral technology, a method was presented to detect the incipient fault signals of gearbox. Sampling integral technology was applied to improve the tracking ability of fault signals with lower SNR. The state of sidebands of meshing frequency can be confirmed by the change of chaotic phase diagram. In addition, Hu moment invariant was used to identify the incipient faults in a quantitative manner. The experimental results on gearboxes justify the effectiveness of the method.
